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Trigon

ݔ ൌ ܽsec ߠ
ߠ ൌ sec

ܫ ൌ න ݔଶݔ√ ൌ 2sec ߠ
ߠ ൌ sec

න ඥሺ2 seൌ න 2 sec√4 secൌ න 2 sec2√seൌ න sec ߠ
ൌ ln|sec ߠ
ൌ ln ቤ 2ݔ ൅
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ඥݔଶ
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| ൅ 4 ܥ ቤ ൅  ܥ

Substi

െ ܽଶ ݔ݀  ൌ ܽ

ݔ݀ ൌ 2

tan ߠ  ߠ݀

2 sec ߠ tan2√tanଶ ߠ

θݔ

 θ ݔ

 
itutio

ܽ sec ߠ tan

2 sec ߠ tan

n ߠ  ߠ  ߠ݀ 

 

   ܽ  

 θ ݔ
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ܫ = න   = න  = න  = නܫଵ = න
ଵܫ = නܫଶ ܫ= = taܫ = ඥ
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HOS 

tes 

ܫ =
Let    ݐ =
ܫ = න ݔ√
ample 1
July 23 , 

ݔ = secsec ߠ =
ߠ = secି

න ଺ݔ + ଶݔ√ ଷݔ2 −න sec଺ ߠ +secଷ ߠ tanන sec଺ secଶߠ ߠ + sනሺ1 + tanଶ නሺ1ߠ + tanଶ
නሺ1 + ଶሻ݀නݑ 1 + cos 2an ߠ + 13 taඥ2ݔ − 1 +

2)   8.3   Tri

SSAM   G

= න ଶݔ√ݔ ଶݔ+ + ଶݔݔ    2 + 25  ݀
1  
2011   E

c  1ݔ ߠ

ିଵ  ݔ

1 = ݔ݀ න2n ߠ sec ߠ tan2secଶ ߠ ሻߠ= ߠ݀ secଶ ߠ +ଶ ሻߠ secଶ ߠ ݀
= ݑ݀ ݑ + ߠ132 ߠ݀ = ߠ +nଷ ߠ + ߠ +13 ቀඥ2ݔ −

gonometric

GHANEM

+ݔ 25   ݔ݀ 
ݐ݀     =
= ݔ 12 න √

Evaluate th

ݔ݀
 

sec଺ secଷߠ ߠ  √sen ߠ = ߠ݀   න= න secସ +ߠ 1 + cos   ߠ݀ߠ2
Let        13 ݑ + ܿଵ =+ 12 sin ߠ2 +12 sin ߠ2 +1ቁ3 + sec

 

c Substitutin

              M

ݐ√1 ݔ݀ ݔ2 ݐ݀   

he followin

S= sec ߠ tan

+ 2ecଶ ߠ − 1 seන sec଺ ߠ +secଶ +ߠ 2 cosଶ ߠߠ   ߠ݀
tanݑ               ߠ + 13 t+ ܿଶ ܿ = tan cିଵߠ ݔ + ඥ2ݔ

ng (B)        

6516       

Le
ܫ  = න

ng integra

Solutionn ߠ  ߠ݀

 ec ߠ tan ߠ   ݀2 = ߠ݀  ߠ݀ න se
= tan ߠ      tanଷ ߠ + ܿଵ
+ 13 tanଷ 2ߠ − ݔ1 ∙ ݔ1 +
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ܫ
et    ݔ = 5
න ଶݔ√1 + 2
als.   න ଷݔ
n 

= ߠ݀ න se
ecଶ ߠ secଶ ߠ

ݑ݀       = s
+ ߠ + sin +ߠ ܿ 

                  

              

= න ଶtanݔ√ ߠ    
25 ݔ݀ =

଺ݔ + 2ଷ ଶݔ√ − 1

sec଺ ߠ + 2cଷ ߠ  √tanଶ
+ 1 + cos

secଶ ߠ  ߠ݀

ߠ cos ߠ + ܿ 

 

 θݔ

                  

 غانم        

1+ 25 ݔ݀ 
ݔ݀     = 5
න se√25 tan

1   ݔ݀

ߠ sec ߠ tan
ߠ2   ߠ݀

   1 
ඥ

        P2 

حسام

  
5 secଶ ߠ ݀ecଶ nଶߠ ߠ + 25

( 3

n ߠ   ߠ݀  
ඥݔଶ − 1

 ߠ݀

5 ݐ݀
3 pts)



Exa

ܫ = න  = න  = ሺ2
ܫ = ሺ
ܫ = ሺ

 

ܫ = න   = න= 2 න= ඥݔ
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HOS 

ample 2

ݔ = 2 sesec ߠ =
ߠ = secିଵ

න ଶݔଷሺݔ − 4න 2ଷ secଷ ߠ ሺ2ሻ଻ න secସ ߠ
ሺ2ሻ଻ නሺ1 +
ሺ2ሻ଻ ൬15 tan

ݔ = 2 sesec ߠ =
ߠ = secିଵ

න ଶݔ√ − ݔ4 ݀න 2√secଶ 2ߠ sec නߠ tanଶ ߠ ଶݔߠ݀  − 4  − 2

ample 3

2)   8.3   Tri

SSAM   G

2 Eva

c  2ݔ ߠ

ቀ2ݔቁ 

4ሻଷଶ ݔ݀ = නሺ4ሻଷଶሺtanଶ ߠߠ tanସ ߠ ߠ݀  
tଶሻ tସ  ݀ݐ =
ହ ߠ + 16 tan

c  2ݔ ߠ

ቀ2ݔቁ 

ݔ݀ = න √4− ߠ1  ∙   2 seߠ  = 2 නሺsesecିଵ ቀ2ݔቁ +

3 Eva

gonometric

GHANEM

aluate  the 

ݔ݀ =
 

න 2ଷ secଷ ߠ ሺߠሻଷଶ  ∙ 2 sec ߠߠ = ሺ2ሻ଻ න
Let       = ሺ2ሻ଻ නሺtସ

n଺ ൰ߠ + ܿ =

ݔ݀ =
 

secଶ ߠ − 42 sec ecߠ ߠ tan ߠ  ݀ecଶ ߠ − 1ሻ ݀+ ܿ 
 

aluate  the 

c Substitutin

              M

integral 

= 2 sec ߠ ta

ሺ4 secଶ ߠ ߠ− tan ߠ නߠ݀  secଶ ߠ tan         ݐ = taସ + t଺ሻ ݐ݀  
= ሺ2ሻ଻ ቎15 ቆ√

= 2 sec ߠ ta

 ∙   2 sec ߠ t݀ߠ = න 2 ta2 se݀ߠ = 2 tan

integral 

ng (B)        
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 න ଶݔଷሺݔ
Solutionan ߠ  ߠ݀

 4ሻଷଶ  ∙ 2 sec= න 2ଷ secସ ߠ ∙ secଶ anߠ ߠ             =  ሺ2ሻ଻ ൬15√ݔଶ − 42 ቇହ +

Solutionan ߠ  ߠ݀

tan ߠ an ߠ݀  ecߠ ߠ  ∙   2 secߠ − ߠ2  + ܿ

න ଶݔ√ ݔ−
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ଶ − 4ሻଷଶ ݔ݀

c ߠ tan ߠ ଷߠ݀  ߠ ሺ2ሻଷ tan  ݀ߠ = ሺ2ሻ     ݀ݐ = se tହ + 16 t଺൰
+ 16 ቆ√ݔଶ −2

c ߠ tan ߠ ܿߠ݀  = ଶ2ݔ√  2

− 4  ݔ݀

                  

              

 ݔ

nଷ ߠ ߠ  ∙ 2 sec଻ නሺ1 + tancଶ ߠ ൰ ߠ݀  + ܿ − 4ቇ଺቏ + ܿ 

− ߠ 42  − 2 se

 

 θݔ

 

 θݔ

                  

 غانم        

c ߠ tan ߠ nଶߠ݀  ሻߠ tanସ ߠ

ecିଵ ቀ2ݔቁ +

   2 
ඥ

   2 
ඥ

        P3 

حسام

ߠ ߠ ∙ secଶ ߠ   ݀

ܿ 

ඥݔଶ − 4

ඥݔଶ − 4

 ߠ݀
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Example 4 Evaluate  the integral න sinh sinhଶ√ݔ ݔ − 3 December   2004   35 ݔ݀

Solution ܫ = න sinh sinhଶ√ݔ ݔ − 3 ݔ݀ =    න sinh coshଶ√ݔ ݔ − 4     ݔ݀
Let     ݐ = cosh ݔ ݐ݀                         = sinh ݔ ܫ ݔ݀  = න sinh coshଶ√ݔ ݔ − 4 ݔ݀ = න ଶݐ√1 − 4  ݐ݀

ݐ  = 2 sec ݐ݀ ߠ = 2 sec ߠ tan ߠ sec ߠ݀ ߠ =   2ݐ

ߠ = secିଵ ൬2ݐ൰ 

 
 
ܫ  = න 2 sec ߠ tan 4√ߠ secଶ ߠ − 4 ߠ݀   = න 2 sec ߠ tan 2ߠ tan ߠ = ߠ݀  2 න sec ߠ ߠ݀  =  2 ln|sec ߠ + tan |ߠ + ܿ    =  2 ln ቤ  2ݐ + ଶݐ√ − 42   ቤ + ܿ = ln ቤcosh 2ݔ + √coshଶ ݔ − 42 ቤ + ܿ 
 

TO FIND න 1݉ sin ݔ + ݊ cos ݔ + ܥ  ݔ݀ 

sin استخدم التعويض التالي ݔ = 1ݑ2 + ଶ cosݑ ݔ = 1 − ଶ1ݑ + ଶ tanݑ ݔ = 1ݑ2 − ݔ݀ ଶݑ = 21 + ଶݑ ݑ ݑ݀ = tan  2ݔ

 

Example 5 Evaluate  the integral න 11 + sin ݔ + cos ݔ July   1996   6 ݔ݀
31   December   2003

Solution 

sin ݔ = 1ݑ2 + ଶ cosݑ ݔ = 1 − ଶ1ݑ + ଶ tanݑ ݔ = 1ݑ2 − ݔ݀ ଶݑ = 21 + ଶݑ ݑ ݑ݀ = tan  2ݔ

ܫ  = න 11 + sin ݔ + cos ݔ ݔ݀ = න 11 + 1ݑ2 + ଶݑ + 1 − ଶ1ݑ + ଶݑ   ∙  21 + ଶݑ  ݑ݀  

    = න 21 + ଶݑ + ݑ2 + 1 − ଶݑ ݑ݀   = න ݑ22 + 2 ݑ݀   = න ݑ1 + 1 ݑ݀   =  ln|ݑ + 1| + ܿ = ln ቚtan 2ݔ + 1ቚ + ܿ 

 

   2  

ݐ ඥݐଶ − 4θ 



 
 

Exa

sin
ܫ  = න
     = න
     = 12
 
 

Exa

sin
ܫ  = න
   = න   = ln
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HOS 

ample 6

n ݔ = 1ݑ2 + ݑ
න 1tan ݔ + si
න ሾ1ݑ12 + න 12ݑ ቆ1ݑ − ݑݑ

ample 7

n ݔ = 1ݑ2 + ݑ
න 2 ∙ 1ݑ2 + ଶනݑ 2 ݑ4∙ + 2 −n|ݑଶ + ݑ4 +

2)   8.3   Tri

SSAM   G

6 Eva

ଶ coݑ
in ݔ ݔ݀ = න
− ଶݑଶݑ + 1 − ݑଶݑଶݑ ቇ ݑ݀  = 12

7 Eval

ଶ coݑ
2 + ݑ

ଶ + 2 ∙ 1 − 1ݑ + ሺ2ݑ + ଶݑሻ2ݑ + 3 ++ 5| + ܿ =

gonometric

GHANEM

aluate  the 

os ݔ = 1 − 1ݑ + ݑ
න 1ݑ12 − ଶݑ +

ሿ ∙ 21 ݑ݀  =
12 න ൬1ݑ − ൰ݑ

luate   න
os ݔ = 1 − 1ݑ + ݑ
ଶݑଶݑ + 3  ∙  1
ଶݑ3 ݑ݀   =ln ቚtanଶ ቀ2ݔ

 

c Substitutin

              M

integral 

Sݑଶݑଶ ta
1ݑ2 + ଶݑ  ∙  1

න 1 − ሾ2ሿݑଶ2ݑ ∙
൰ = ݑ݀  12 l

න 22 sin ݔ +
Sݑଶݑଶ ta

2+ ଶݑ ݑ݀  =
= න 2 ∙ ሺ2 ଶݑ+ + 2ቁݔݑ4 + 4 tan ቀ

ng (B)        
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න tan ݔ
Solution

an ݔ = 1ݑ2 −2+ ଶݑ ݑ݀  =
21 ݑ݀  = න
n ݑ − 14 ଶݑ

+ tan +2ݔ 2 cos ݔ
Solution

an ݔ = 1ݑ2 −
= න ݑ4 + 2ሺ+ ݑሻݑ + 5 ݑ݀  =ቀ2ݔቁ + 5ቚ + ܿ
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1+ sin ݔ ݔ݀
n ݑݑଶ ݀ݔ

= න ሺ12ݑሺ1 +
1 − ݑଶ2ݑ ݑ݀ 
=  12 ln ቚtan

+ 3  ݔ݀

n ݑݑଶ ݀ݔ
2 ∙ ሺ2 +ሺ1 − ଶሻݑ += න ݑ2 ଶݑ+ +  ܿݑ4

                  

              

 ݔ

ݔ = 21 + −ଶݑ ଶሻሺ1ݑ ++ ଶሻݑ + ሺݑ2

n ቀ2ݔቁቚ − 14 

ݔ = 21 + ଶݑ
+ ሻ3ݑ + 3ሺ1 ++ ݑ4 + 5  ݑ݀ 

                  

 غانم        

15   De

 ݑ݀

ଶሻሺ1ݑ − ଶሻݑ  ∙  

ቀtan ቀ2ݔቁቁଶ

35   De
4

 ݑ݀

ଶሻݑ  ݑ݀  

        P5 

حسام

8   May   
ecember   

ݑ = tan 221ݔ + ଶݑ ݑ݀ 

+ ܿ 

ecember   
41   July   

ݑ = tan 2ݔ

1997
1998

 2ݔ

2004
2006

 2ݔ
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Homework 
 

1 Evaluate   න ସݔ√ ݔ1 −  ݔ݀ 9

2 Evaluate   න ଶݔ√1 − 16 April   2000   20 ݔ݀

3 Evaluate   න ଶݔଷሺݔ − 1ሻଷଶ December   2005   39 ݔ݀

4 Evaluate   න 12 + cos ݔ + 2 sin ݔ November 1996   7 ݔ݀

5 Evaluate   න 1tan ݔ + sin ݔ December   2006   42 ݔ݀

6 Evaluate   න 11 + sin ݔ3 + cos ݔ3 May   2003   28 ݔ݀

7 Evaluate   න 13 + cos ݔ − 2 sin ݔ May   2004   33 ݔ݀

8 Evaluate   න 14 + sin ݔ May   1998   13 ݔ݀

9 Evaluate   න 18 − 4 sin ݔ + 7 cos ݔ December   1997   12 ݔ݀

10 Evaluate   න 12 + sin ݔ + 2 cos ݔ November   1998   14 ݔ݀

11 Evaluate   න 1sin ݔ − cos ݔ + 1 May   1999   16 ݔ݀

12 Evaluate   න 11 − sin ݔ − cos ݔ July   2004   34 ݔ݀

13 Evaluate   න 13 − sin ݔ June   2005   37 ݔ݀

14 Evaluate   න 12 cos ݔ + sin ݔ − 2 July   2005   38 ݔ݀

15 Evaluate   න sec 3ݔ tan ݔ − 4 July   2002   26 ݔ݀
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Homework 
 

16 
Evaluate the following 
integral :  
(3 ଵଶ  points ) 

න 10 cos ݔ + 102 cos ݔ − sin ݔ + 2 Dec. 15, 2009  50 ݔ݀

17 Evaluate the following.  [ 3.5  pts.] න ଶݔ√ଷݔ − 1 May 13, 2010  51 ݔ݀

18 Evaluate the following.  [ 3.5  pts.] න 15 − 3 cos ݔ May 13, 2010  51 ݔ݀

25 Evaluate the following integral      [3 marks e] න csc 2ݔ csc ݔ + 1  July 24, 2010  52 ݔ݀

26 ( 3 pts. ) Evaluate the following integral න csc ሺ1ݔ + cos ሻଶݔ Dec. 2010 11  53 ݔ݀

27 Evaluate the following integral  න 1 − sin ଶݔሺݔ + ݔ2 cos ݔ − sinଶ ݔ ሻଷ/ଶ  ,August 7  37 ݔ݀  
2010 

28 Evaluate the following integrals. ( 3 pts) න cos sinݔ ݔ + cos ݔ + 1  July 23 , 2011    55 ݔ݀

 
 

* Evaluate   න 11 + 2 sec ݔ July   2007   44 ݔ݀

Solution ܫ = න 11 + 2 sec ݔ ݔ݀ = න cos cosݔ ݔ + 2 ݔ݀ = න cos ݔ + 2 − 2cos ݔ + 2 ݔ݀ = න cos ݔ + 2cos ݔ + 2 − 2cos ݔ + 2  ݔ݀

    = න ൬1 − 2cos ݔ + 2൰  ݔ݀

 sin ݔ = 1ݑ2 + ଶ cosݑ ݔ = 1 − ଶ1ݑ + ଶ tanݑ ݔ = 1ݑ2 − ݔ݀ ଶݑ = 21 + ଶݑ ݑ ݑ݀ = tan  2ݔ

 

ܫ = න ൮1 − 21 − ଶ1ݑ + ଶݑ + 2൲ ∙ 21 + ଶݑ ݑ݀  = න ൬ 21 + ଶݑ − 41 − ଶݑ + 2 + ଶ൰ݑ2 ݑ݀  = න ൬ 21 + ଶݑ − ଶݑ4 + 3൰  ݑ݀ 

   = 2 tanିଵ ݑ − 4√3 tanିଵ 3√ݑ + ܿ = 2 tanିଵ ቀtan 2ቁݔ −  4√3 tanିଵ ൬ 1√3 tan ቀ2ݔቁ൰ + ܿ 


